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A Proofs for Section 3

Lemma 1. Let ¢ be a propositional formula and x one of the propositional
variables occurring in ¢. Then the following hold:

(1) ¢ = 3x¢;
(2) Let v be a formula with At(y) C At\{z} such that ¢ = 1. Then Iz | 9.
(3) Vxo |= ¢;
(4) Let v be a formula with At(y) C At\{z} such that i) = ¢. Then ¢ = Vao.

Proof. (1) Let w : At — {true,false} be such that w | ¢. If w(x) = false then
wE ¢lz —1]; if w(x) =T then w | ¢lz — T]. Thus, w E Jzd.

(2) Let ¢ be a formula with At(¢)) C At\{z} such that ¢ | . Let w :
At — {true, false} be such that w | Jx¢. Then w = ¢z — 1]V [z — T, so
wE ¢l —»1] or w = @[z — T]. Assume that w | ¢z — L] (the other case is
analogous). Let w’ : At — {true, false} defined by w'(x) = false and w'(y) = w(y)
for all y # x. Then W’ = ¢, so as ¢ = ¢ we have w’ |= ¢. But since x does not
occur in ¢ and w and w’ agree for all atoms but z, we have w = 1.

(3) Let w : At — {true,false} be such that w |= Va¢. Then w | ¢z —L
| A @lz — T]. Assume w = ¢. If w(z) = false it follows that w [~ @[z —L]; if
w(x) = true it follows that w & ¢[x — T]. Contradiction.

(4) Let ¢ be a formula with At(¢) C At\{z} such that ¢ | ¢. Let w : At —
{true, false} be such that w = . Since ¥ | ¢ it follow that w | ¢. Clearly,
w(x) = false or w(z) = true. Assume w(x) = false (the other case is analogous).
Then w | ¢z —L1]. Let o' : At — {false,true} defined by w'(z) = true and
W'(y) = w(y) for all y # z. Since x does not occur in 1 and w and w’ agree
for all atoms but z, we have ' = 9, so W' | ¢, i.e. W | @[z — T], hence
w = ¢[z — T] (as ¢[z — T] does not contain any occurrences of x).

We thus showed that w = ¢[z — L] A [z — T, i.e. w = Vao.

Proposition 1. Let @ be a finite set of propositional formulas. Assume that
At(®) = {z1,.- ., @n, Y1, - -, Ym}. Then the following hold:

1) & E3zy...32,P.
(2) Let ¢ be a propositional formula with At(¢)) C {y1,...,ym} such that @ = 1.
Then 3z ... 32, P = 9.
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(4) Let ¢ be a formula with At(¥) C {y1,...,ym} such that ¢ = & (ie. ¥ E &;
for every formula ¢; € @). Then ¢ = Vz; ...V, .

Proof. Assume that & = {¢1,...,¢,}, and let ¢ = ¢1 A -+ A ¢, All results
follow from Lemma 1 (applied to ¢) by induction on the number of variables
which are eliminated.

In what follows, if @ is a finite set of formulae, say & = {¢1,...,¢,} we
denote by —(A®) the formula —(¢p1 A - A dp,).

Lemma 2. Let & and 9’ be finite sets of propositional formulas with At(P) =
{x1,. s, Y1,y Ym} and A(D) = {y1, ..., Ym, 21, .., 2k} and such that & U
@' is unsatisfiable (i.e. & |= —~(AD")).

Let ¢y :=V21 .. V2o (AD ) (Y1, -« s Ym, 215 - -, 2k). Then the following hold:

(Z) @(g}l, e Ty Y1y 7yn) ': d)w(yla e 7ym);'

(i) Gy, Ym) AP (Y1y- oy Ym, 215 -+ 28) EL;
(iii) ¢ contains only propositional variables occurring in both @ and @';
(iv) For every interpolant ¢ of  and &', ¢ = b .

Proof. (i) can be proved by induction on n using Lemma 1(4), using the fact
that @ = —(A®'); (ii) can be proved by induction on n using Lemma 1(3).
(iii) is obvious. To prove (iv) let ¢ be an interpolant of ¢ and &’. Then, in
particular, &' U {¢} =L, so ¢ = =(AP’). By Lemma 1(4) it follows that ¢ =
Vz1 .o Ve (AP ) Y1y e ooy Yms 21y - - -5 2k )5 180 O E oy

Proposition 3. Let @ and ¢’ be finite set of formulas.

1. 1f [¢], [¢/] € SI(®, &) then [¢ A ¢'] € SI(®, D).

2. If [¢], [¢'] € SI(®, P’) then [¢V ¢'] € SI(D, P').

3. There is a uniquely defined [¢,,] € SI(P,¥') with ¢’ = ¢, for all [¢] €
SI(®, P).

4. There is a uniquely defined [¢s] € SI(@,P') with ¢, = ¢ for all [¢'] €
SI(®, D).

Proof. (1) If [¢],[¢'] € SI(®,P’) then ¢, ¢’ € I(P,P) so: (i) P = ¢ and D = ¢,
so P =N (i) PU{P} =L, so & U{p AP} =L and (iii) At(¢), At(¢') C
At(2) N At(P'), hence this is the case also for ¢ A ¢'. Thus, ¢ A ¢’ € I(P, P'), so
[N @] € SI(D, D).

()T [6), 6] € SI(@, &) then 6, ¢ € [B,8), 50 (i) & |= 650 B b= v ' (i)
&' U{¢} EL and &’ U{¢'} =L hence &' U{pV ¢'} =L and (iii) At(¢), At(¢') C
At(P) N At(P'), hence this is the case also for ¢ V ¢'. Thus, ¢ vV ¢' € I(P, '), so
6V ¢'] € SI(®,P).
For proving (3) and (4) assume that At(®) = {21, ..., Zn, Y1, ..., Ym} and At(P') =
{1, s Yms 21y -y 21 -

(3) Let ¢ := V21 ... V2,2 (AD) (Y1, -+ -y Ym, 21, - - -, 2k ). Then, by Lemma 2, the
following hold:
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= (@1, T Y1y Yn) FE Gw(Yts e Ym);
- ¢w(y1;~~~7ym) /\@I(yh"'aymvzlv"' 7Zk) ):J-7
— ¢ contains only propositional variables occurring in both @ and @;

— For every interpolant ¢ of @ and &', ¢ = dy,.

Clearly, [¢,,] is uniquely determined. If [¢] is a different class with the same
property, then ¢’ |= ¢ for all [¢/] € SI(P,d’), hence also ¢, = ¢. On the other
hand, if ¢ € SI(®, P’) then, by Lemma 2(iv), ¢ = ¢y Thus, [¢,] = [¢)].

(4) Let ¢s := Fxy ... Fz1P(x1, .., Tn, Y1, -+, Yn). Then, by Proposition 1, the
following hold:

- 95(3317~--»$myl7~--»yn) ): ¢S(y17"' aym>7

- ¢S(y17 s 7ym) A Qsl(ylv sy Ymy 21, ,Zk) ):J-;

— ¢ contains only propositional variables occurring in both @ and ¢';
— For every interpolant ¢ of & and &', ¢5 = ¢.

To show that [¢s] is uniquely determined one can use a proof analogous to the
one used for [¢y,].

B Proofs for Section 5

Theorem 2. The compliance of the measures D&, DR DY and DI is as
shown in Table 1.

|[MO|DO|SFI|AI| TA|CO|MAJ|MAJL
D |vIx|/|Vx[v] x| x
DX V| X |V V||V x| X
DY |V | X| V|||V x| X
DY V| X |V |V V|V x| X

Table 1. Compliance of investigated disagreement measures with postulates.

Proof. First, observe that when properties MO, DO, SFI, Al, TA and CO are
satisfied for a function D : K x K — R, then they are also satisfied for D* and
Dmax_ Below, we only show the former and therefore only consider Dgr and D .

— Dar

MO Follows from Proposition 4, item 3 and 4.

DO Consider the following counter-example. Let K1 = {T} and Ky =
{-p,q}. Let ¢ stand for the formula p, and ¢ stand for (p vV ¢) A (p V
—q). Note that SI(¢,C2) = {[p]} and SI(¢),K2) = {[p],[p V —q]}, and
SI(KCs, 6) = {[-pl} and SI(Ks, %) = {[~}, [op A ]} Thus, DE(Ky U
{¢},K2) =1 and Dérﬂmz(lcl U {’l/)},]CQ) = 2, while Dé’i(’cl U {¢},]C2) =
2 and Dg(K; U {¢},K2) = 4. Note that ¢ = ¢ and ¢ = L, but
D> (K1 U {9}, K2) 2 Dg* (K1 U {},Ks) and Dgi (K1 U {¢},K2) 2
Dgi (K1 U {9}, Ka).
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SFI Let P = (K4, -+, K,) be a knowledge profile, and ¢ a consistent formula

such that At(¢) N (Ux,ep At(K;)) = 0. This implies that, for each
Ki € P, At( i) N At(¢) = 0. To show that Dgr(Ky U {0}, - ,K,) =
Ds1(Ky, -+, Ky), it suffice to show that for each K; € P, SI(Ky,K;) =
SI(K; U {qb} K;) and SI(K;, K1) = SI(K;, K1 U {@}). The case that K; is
inconsistent is trivial. So we focus only on the case that Ky is consistent.
From Proposition 4, items 3 and 4, we already have that SI(XCq, ;) C
SI(Ky U {¢}, K;) and SI(K;, K1) C SI(K;, K1 U {¢}). So we only need
to show that SI(K; U {¢},K;) C SI(Ky,K;) and SI(K;, K1 U {¢}) C
SI(KC;, K1). Let [¢] € SI(Ky U {¢},K;), we need to show that [¢] €
SI(K4, K;). Thus, for some formula o = ¢, we have K; U {¢} E «a, K; U
{a} E L and At(a) C At(K1U{¢})NAL(K;) which implies that At(a) C
At(K1 U {¢}). Thus, as At(¢) N At(K1) = 0, we get At(a) C At(Ky).
In summary, we have ¢ is consistent, At(KC1) N At(¢) = 0, At(a) C
At(Kq1) and K3 U{¢} = «. Therefore, from Proposition 6, we get Ky =
a. Therefore, [a] € SI(K1,K;). Thus, as a = 1, we have that [¢] €
SI(K1, K;). The proof for SI(K;, K1 U {¢}) C SI(K;, K1) is analogous.

Al Let K and K3 be two knowledge bases, and ¢ and ¥ be two formulas.

TA

- Dy

First, note that At(K1U{¢,v}) = At(K1U{pAY}), and for every formula
a, K1U{o, v} E aiff KiU{dAY} | a. Therefore, SI(K;U{¢, v}, Ky) =
SI(K1 U {¢ A ¢}, K2) and SI(K2, K1 U {¢,¢}) = SI(K2, K1 U {¢ A ¥}).
Thus, 'Dgﬂ(lcl @] {<p7 1/)}, ’CQ) = DS]I(]Cl @] {¢ A w}, ’CQ)

We will show that TA is not satisfied by DSEH, but it is satisfied by
Dg**. For DSEH, consider the following counter-example. Let K1 = {p A
-p}, Ko = {q} and K1 = {p vV —p}. Note that T = K1, we will show
that DSEH(Kl,ICQ) < DSZH(Kl,’CQ,K:T). Note that At(K:l) n At(KQ) =10
which means that SI(Ki,K2) = {[1]} and SI(Kq, K1) = {[T]}. Thus,
D& (K1,K2) = 2. Note that SI(Ky,Kt) = {[L]} which implies that
Ds1(K1, K1) = 1. Therefore, 3 < Dgr(K1, Ko, K1). Thus, as DSEH(ICl, Ko) =
2, we get that Dg (K1, K2) < D& (K1, K2, K1). For DE**, let us suppose
for contradiction that it does not satisfy TA. Thus, for some K+ and
some knowledge base profile P = (Ky,--- ,K,,): DG (P) # Dg*(P o
Kt), and T = Kv. This means that DF**(P o Kv) > Dg**(P). Let
S = Dg*(P), then for all K;,K; € P,|SI(K;,K;)] < S. Moreover, as
Dg**(PoK~) > Dg**(P), we have that for some m € {1,--- ,n}, either
ISI(K s, K1) > S or [SI(KT, Kpn)| > S. First note that both SI(K,,,, K1)
and SI(K, K,,) have at most one interpolant, which is either [L] or [T].
This means that SI(K+,K,,) and SI(K,,, 1) have sizes 0 or 1. As ei-
ther |SI(/Cr, K )| or [SI(KCyp,, KC7)| is strictly greater than S, we get that
S < 1, and either [SI(Kt,K,,)| = 1 or |SI(K,,, K7)| = 1. In either
case, K, EL. But as S < 1, we get that S = 0 which implies that
for all ; € P,K; ~L which contradicts the hypothesis that ., L.
Therefore, Dg;** satisfies TA.

MO If Ky U Ky is consistent then D;(K1,K2) = 0 and the property is sat-

isfied. If J(Weakest(K1,K2)) = 0 then J(Weakest(Cy UK, K3)) = 0 as
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well due to Proposition 4, item 6, and Definition 8, item 3. In that case
Dj(K1,K2) = Dy(K1 UK, K2) = oo. If J(Weakest(Ky,K2)) # 0 and
J(Weakest(IC; UK’ KC2)) = 0 then D;(K1,K2) < Dy (K1 UK K2) = 00.
It remains the case that Xy U Ky is inconsistent (and so is K3 UK U Ks)
and J(Weakest(K1,/K2)) # 0 and J(Weakest(K; U K, K3)) # 0. Then
observe

J(Strongest(K1 U K, K3))
J(Weakest(IC1 UK/, Ks))
S J(Strongest(K1, K2))
~ J(Weakest(/K1,K2))

Dy(K1 UK Ky) =

=D;(K1,K2)

Note that the inequality is due to Proposition 4, items 6 and 8, and
Definition 8, item 3.

DO We recall the counter-example we used on DO for Dgy. Let K1 = {T}
and Ko = {-p,q}. Let ¢ stand for the formula p, and ¢ stand for
(pVq) A (pV—q), and Jy; be the information measure from the example
of Definition 8. We summarize below the interpolants, the weakest and
and strongest interpolants of ¢ and 1 modulo Ko. We also indicate the
value of D,, for ¢ and ¥ modulo K,.

(0,K2)  (K2,9) (¥, K2) (Ka2,v)
SI {ll}y  Alpl} Al pv-d}  {[-p),[7pAdl}
Weakest [p] [~p] [pV —q] [~p]
Strongest [p] [—p] [p] [=p A q]
Dy, 1 1 3/2 2

Thus, D7, (K1 U{¢},Kz2) = 2 and D7 (K1 U {¢},K2) = 7/2, while
DKy U{¢}, K2) = 1 and DF2*(Ky U {¢}, K2) = 2. Note that ¢ |= 1
and ¢ [~ L, but D} (K1U{¢},K2) # D7 (K1U{¢}, K2) and D} (K, U
{0}, K2) 2 D (K1 U{v}, Ka).

SFI It suffices to show that SI(Kq, K;) = SI(K1 U {¢}, K;) and SI(K;, K1) =
SI(K;, K1 U {¢}). We have already shown in the proof of Dgy for SFI,
that this is indeed the case. Therefore, D satisfies SFI.

Al Let K1 and Ko be two finite knowledge bases. Fist, note that SI(XC; U
{d, 0}, K2) = SI(K1U{p AW}, K2) and SI(Kq, K1 U{d, ¢}) = SI(Ka, K1 U
{¢ A 1}). This means that Strongest(K; U {¢, ¢}, K2) = Strongest(K; U
{p NP}, Ka) and Weakest(KC1 U{¢p, 9}, Ko) = Weakest (K1 U{d A}, Ka).
Thus, DJ(ICl U {¢, ’lﬂ}7 ICQ) = DJ(ICl U {¢ A\ ’(/J}, ICQ)

TA Let P = (Ky,---,K,) be a knowledge profile, and K+ be a knowl-
edge base such that T = K1. If DY (P) = oo and D#**(P) = oo then
D¥(P) > Dy (PoKr), and DP3(P) > D (Poki1). If either DY (P) # oo
or D7*(P) # oo, then for all K;,K; € P, we get J(Weakest(KC;, C;)) #
0. As J is an information measure, we have that Weakest(IC;, KC;) # [T],
for all IC;, IC; € P. This implies that [T] & SI(K;, K;), for all IC;,K; €
P. Thus, there is no inconsistent knowledge base in P, which implies
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that K; U K1 is consistent, for all K; € P. Therefore, D;(K;, K1) =
DJ(ICT,ICZ‘) =0. ThuS7

( > DJ(/Q,ICT)) + ( > m(lﬁ,i@-)) =0,

K.eP K.eP

and max{D;(K;, K1) | K;i € P} = mazx{D;(K+,K;) | K; € P} = 0.
Therefore, DY (P) = D¥ (P o K1) and D}*(P) = D}*X(P o K ), which
means that D5 (P) > D7 (P o K1) and D}*(P) > DP*(Po K7).

As for properties CO, MAJ and MAJL observe that for every function D : KxK —
RS, every knowledge base profile P, and knowledge base K we have that
D*(P) < D¥(PoK)
DmaX(P) S DmaX(P o ’C)
as both sum (given non-negative summands) and max are monotonic. There-

fore, CO is satisfied, whereas neither MAJ and MAJL is satisfied for any of the
considered functions. ad



