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Proposition 1. Let FF = (A,R) bean AR, k € N, S C A,
and a € A.

1. Sis a|A|-stable extension iff S is a stable extension.

2. If S is a k-stable extension then S is a k'-stable exten-
sion for all k' < k.

3. S € cf(F) iff S is a O-stable extension.
4. (a,a) ¢ Riff {a} is a 1-stable extension.

5. (0 is a O-stable extension.

Proof.

1. If S is a | A|-stable extension, it follows |S&| > |A| and
since SN S7 = 0 we have S = A and S is a stable
extension. The other direction is immediate as well.

2. This follows directly via |[SE| > k > k'

3. If S is conflict-free then |S%| > 0 naturally. Since ev-
ery k-stable extension is conflict-free, the other direction
follows as well.

4. If (a,a) ¢ R then {a} is conflict-free and |{a}E| > 1
due to a € {a}. For the other direction, since {a} must
be conflict-free, (a, a) ¢ R follows directly.

5. 0 is conflict-free and satisfies |05 > 0. O

Theorem 2. Let k € N be an additional input parame-
ter to the following problems. VERg, is in P, CREDg, is
NP-complete, SKEPg;, is CONP-complete, EXISTSgy, is NP-

complete, EXISTSQIQ is NP-complete.

Proof. Note that all hardness results following directly from
the fact that the corresponding problems for stable semantics
are hard wrt. these classes and the problems for k-stable se-
mantics are generalisations of the corresponding problems for
stable semantics (e. g., checking whether there exists a stable
extension in F' = (A, R) is equivalent to checking whether
there exists a | A|-stable extension in F'). So only the mem-
bership parts remain to be shown. Let ' = (A, R) be an
AAF.

* VERgt, € P:
Given S C A, we can verify both conflict-freeness of .S
and the fact that | S| > & in polynomial time.

* CREDg, € NP:
On input a € A, we non-deterministically guess a set
S C A with a € S and verify in polynomial time that
S is a k-stable extension. This shows in NP that a is
credulously accepted wrt. k-stable semantics.

* SKEPgt, € coNP:
On input a € A, we non-deterministically guess a set
S C A with a ¢ S and verify in polynomial time that
S is a k-stable extension. This shows in NP that a is not
skeptically accepted wrt. k-stable semantics. It follows
SKEPgt, € coNP.

* EXISTSst, € NP:
We non-deterministically guess a set S C A and verify
in polynomial time that S is a k-stable extension. This
shows in NP that there is a k-stable extension.

« Existsg? € NP:
We non-deterministically guess a set S C A with S # ()

and verify in polynomial time that S is a k-stable exten-
sion. This shows in NP that there is a k-stable exten-

sion. O]
Proposition 2. Let F = (A, R) be an AF, k € N, S C A,
and a € A.

1. S'is a |R|-stable* extension iff S is a stable extension.

2. If S is a k-stable* extension then S is a k'-stable* ex-
tension for all k' < k.

3. Ais a 0-stable* extension.

4. If a € A is not attacked in F, then a € S for every
k-stable* extension S.

Proof.

1. If S is a |R|-stable* extension, it follows that S is
conflict-free and since S U S} = A we have that S is
a stable extension. The other direction is immediate as
well.

2. This follows directly via [S§&| > k > k.
3. A has clearly full range and due to [SE| > 0 we have
that A is a O-stable* extension.

4. If S is a k-stable extension then either a € S ora € S;C
for every a € A. If a is not attacked by any argument, it
follows a € S. O



Figure 1: The AAF F¢ for C = {C1,C5, Cs,C4, Cs} with C1 = {x1,T2}, C2 = {ZT1, 23}, C3 = {x2,T3}, Ca = {x2,23}, C5 = {T1, 22}

Theorem 3. Let k € N be an additional input parame-
ter 1o the following problems. VERgt is in P, CREDgs is
NP-complete, SKEPS;;; is coNP-complete, EXISTSSQ is NP-

complete, EXISTSSt% is NP-complete.

Proof. The proof is completely analogous to the proof of
Theorem 2. O

Proposition 3. Let F = (A, R) be an AAF and a € A. If
there is a stage extension S with a € S then mst(F,a) >
S5

Proof. Let S be a stage extension with ¢ € S. Then S is also
a | S%|-stable extension and therefore mst(F,a) > [S%|. O

Theorem 4. MAXSTABLE is FPM1°8]_complete.

Proof. We show FPNPI°8l_membership by sketching an al-
gorithm that solves MAXSTABLE and runs in (deterministic)
polynomial time with at most a logarithmic number of calls
to an NP-oracle. Let F' = (A, R) and a € A be the input. We
first check whether a attacks itself and return —oo in that case.
Otherwise we perform a binary search for the maximal k with
a € sty (F) within the range k € {0, ..., |A|}. More pre-
cisely, we start with kg = [|A|/2] and use an NP-oracle (see
Theorem 2) to check whether a is credulously inferred with
sty,. If this is false then we continue the search in the range
{0,...,[|A]/2] — 1}. Otherwise we continue the search in
the range {[|A|/2] + 1,...,|A|}. After at most logarithmi-
cally many search steps, we have identified the maximal %
with a € sty (F).

In order to show FPNPlog] -hardness, we give a reduction
from the FPNPI°8l_complete problem MAXSATSIZE [Pa-
padimitriou, 1994] defined as

MAXSATSIZE
Imput asetC = {Cy,...,C,} of clauses
Output max [{C' CC |C" L}

In other words, on input C = {C4,...,C,}, the solution to
MAXSATSIZE is the maximal number of clauses of C that
can satisfied at once. Let x1,...,x,, be the atoms appear-
ing in C. We represent C as an AAF Fp = (A¢,Re)—
derived from similar translations for other abstract argumen-
tation problems [Dvordk and Dunne, 2018]—with (let « be a

new symbol)

Ac ={a,21,..., 2, Ty, ..., Ty} U{Ch,...,C}
Re = {(z:,Z;), (Ti, @) |i=1,...,m}U
{(#,C) | & € {z,7},2 € C;}U
{(C1,C1), ..., (Cr,Cr)}

An example of the above construction for C =
{C1,C5,C3,C4,Cs} with Cy = {x1,T2}, Co = {71, 23},
03 = {:Z?g,fg}, 04 = {1‘2,.173}, 05 = {fhl’g} can be seen
in Figure 1. We show that I* € N is the maximal number of
jointly satisfiable clauses of C iff [* is the maximal number
with o € |J St yam+1(Fe). For that it suffices to show that
for any number [, if there are ! clauses that can be jointly
satisfied then v € |J Stj4-2m+1(Fc), and vice versa. We show
both directions:

e “=": Assume that [ clauses can be jointly satisfied and,
w.l.0.g., let these be C1,...,C;. Let w be a satisfying
assignment of C,...,C;. Then define the set of argu-
ments S via

S ={a} U{z; | w(z;) =1} U{Ti | w(z;) = 0}
We show that S is an (I42m+1)-stable extension. First,
note that S is conflict-free: o does not attack and is not
attacked by any argument, and for each i = 1,...,m,
we have either z; € S or T; € S. Also due to the pre-
vious observation, we have that o, 1,21, ... Ty, Ty €
S @ +p,. Moreover, since clauses C1, ..., C; are sat-
isfied by w, we have that at least one argument of S at-
tacks one of those, so C,...,C; € S}'C. So we have

that all but (potentially) Cj4,...,C), are in Sj?c, so S
isa (I 4+ 2m + 1)-stable extension.

o “<” Assume a € |JStiomr1(Fe), so let S be a
(I + 2m + 1)-stable extension with « € S. Since S
is conflict-free, we have C, ..., C,, ¢ S. Moreover, we
can assume that for each i = 1,...,m either x; € S or
T; € S: both cannot be in S without violating conflict-
freeness and if neither is in .S, we can add x; without vi-
olating the fact that S is a (I + 2m + 1)-stable extension.
Since a € S as well, this accounts for 2m + 1 arguments
in S @ +p,. Therefore, since S is a (I +2m + 1)-stable
extension, at least [ of C1, ..., C,, must be attacked by
S. Without loss of generality, assume C1, . .., C} are at-
tacked by S. Define an assignment w via w(x;) = 1 if



x; € Sand w(x;) = 0if T; € S. It can be seen that w is
a satisfying assignment for C, ..., Cj. O

Theorem 5. MAXSTABLE* is FPM1°8]_complete.

Proof. We show FPPl°el_membership by sketching an al-
gorithm that solves MAXSTABLE* and runs in (determinis-
tic) polynomial time with at most a logarithmic number of
calls to an NP-oracle (similar as we did in the proof of The-
orem 4). Let F' = (A, R) and @ € A be the input. We per-
form a binary search for the maximal k with a € |J st} (F)
within the range k¥ € {0,...,|R|}. More precisely, we
start with kg = [|R|/2] and use an NP-oracle (see The-
orem 3) so check whether a is credulously inferred with
sty If this is false then we continue the search in the range
{0,...,[|R|/2] — 1}. Otherwise we continue the search in
the range {[|R|/2] + 1,...,|R|}. After at most logarithmi-
cally many search steps, we have identified the maximal &
with a € |J st (F).

In order to show FPNPI°8lhardness, we give a reduc-
tion from the FPNPI°el_complete problem MAXSATSIZE
[Papadimitriou, 1994], see the proof of Theorem 4 for
the definition. The construction is a bit more involved
than the construction from the proof of Theorem 4 though.

Let z1,...,z,, be the atoms appearing in the input C =
{C1,...,Cn}. We represent C as an AAF F} = (A}, R})
(let all arguments of the type 6 and the argument « be fresh):
AZ = {a,xl,...,xm,fl,... ,fm} @] {Cl,.. .,Cn}U
1 n+1l | : .
{0;,--, 007 [ie{l,...,m},j€{1,2,3}}

R = {(z:,7;), (Ti,x) | i=1,...,m}U
{(,Cy) | & € {z,T}, 4 € C;}U
{(C1,C1), ..., (Cn, Cn)}U
{(xi’ 921)’ (Ei’ 6ﬁ2)7 (921, 95,3): (eﬁza 953)’
(0%, 08 i€ {(1,...,m}, ke {1,...,n+1}}

An example of the above construction for C =
{Cla 02,03704705} with Cl = {x17§2}’ 02 = {flv‘x?)}’
Cs = {x2,T3}, C4 = {x2,23}, C5 = {T1,22} can be
seen in Figure 2. We show that {* € N is the maximal
number of jointly satisfiable clauses of C iff [* is the maximal
number with o € (Jstjg_,, - (F¢). For that it suffices to
show that for any number [, if there are [ clauses that can
be jointly satisfied then o € |Jst/g_,,4(F¢), and vice
versa. Before we are proving this, let us first discuss the
motivation for introducing the #-arguments. Since our aim
is to provide a mapping between assignments for C and
k-stable* extensions of F7 we must ensure that only one of
z; and T; (for ¢« = 1,...,m) is contained in the considered
k-stable* extensions. Since a k-stable* extension S is not
necessarily conflict-free, it may happen that x;,z; € S. If
this is the case, then necessarily

1 n+1

¢ 01,007 €5, or
1 n+1

¢ 0o, 005 €5, or
1 n+1

« 0,000t e s

as well (or a combination of those), as S must have full range
(500} 5, ...,0; ; must either be included or attacked by .5). In
any of these cases, the inclusion of these arguments amounts
to n + 1 violated attacks. Without loss of generality, assume

2, %; € Sand 0} 4,...,073" € S(and 6] ,....07" ¢ S

(2

and 6} ,,... ,92;1 ¢ S). Also without loss of generality,
assume T; is the only argument in S that attacks C1, ..., C}
(for some ! € {1,...,n}). Consider
S = (S\{Zi,0}5,....073 ) U{0],,... 00 %"
U{Cl,...,Cl}

Then S’ is also a k-stable* extension of F:

. (S’)% = A}: we removed Z; from S, but still z; € S’
which attacks T;. We removed 6] 5, ..., 92;1 from S but
added 6} ,,...,073" which attack 0} 5, ..., 673", Fur-
thermore, since x; has been removed, we added all argu-
ments exclusively attacked by Z;, namely 9}72, Cey 9’{‘;1
and C4, ..., C. It follows that S’ retains full range.

. |(S’)f§g\ > k: by adding Cy,...,C; to S at most
n attacks are now violated. But since we removed
0!, .. ,92;1 and T; the former n + 3 violated attacks
are now satisfied. So if |S®5 > k then |(S’)% >k as
well.

The above shows that that if 7 has a k-stable* extension .S,
we can safely assume that either z; € S or T; € S (but not
both).

We now show both directions of the statement “there are [

clauses that can be jointly satisfied iff o € |J St/ ../ (FE)™

* “=": Assume that [ clauses can be jointly satisfied and,
w.l.o.g., let these be C1,...,C;. Let w be a satisfying
assignment of C,...,C;. Then define the set of argu-

ments S via
S ={a}u
{z, 9141,2, cey 923‘1 | w(z;) =1}U
{Z;, 91-1}1, cey 92?1 | w(z;) =0}U
{Ci41,...,Cpn}

We show that S is a | R| — n + [-stable* extension. First,
note that S has full range: since C1,...,C; are satis-
fied by w, there is ; € S with #; € C; for some
1 € {1,...,m}, T; € {l‘i,fi} and all j = 1,...,,

so all of C4,...,C) are attacked by S. The remaining
Ci+1,...,C, are included in S. Furthermore, for each
1=1,...,m,

— either z; € S or T; € S (and the other is attacked),
—if @; € S then 6},,...,0]']" are attacked (and

[ »Yg,1

0} ,..., 00" are attacked if 7; € S, and
- 0}5,...,003" are attacked by either 6} ,,...,6/'{"
1 n+1
ord;o,....005".

Finally, « € S. Note also that [(S x §) N R§| =
n — [ due to the self-attacks of C1,...,C; (no other
attacks exist between elements of S). It follows o €

U stig)—ns1(FC)-
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Figure 2: The AAF Fg forC = {Cl, 02703704,05} with C = {wl,fz}, Cy = {51,1'3}, Cs = {Jiz,fg,}, Cy = {.Tz,xg}, Cs = {51,1'2}.

e =" Assume a € St/ (F¢), so let S be a
(|R] — n + l)-stable* extension with @ € S. As
discussed above, we can assume that either x; € S
or T; € S (but not both) and that the only conflicts
within S stem from some arguments of {C1,...,C,}
being included in S. Without loss of generality, assume
Ciy1,...,C, € S. Similarly as in the proof of Theo-
rem 4, we can now extract an assignment from S that
satisfies clauses C1,...,C]. O

Theorem 6. MAXSTABLE is Poly-APX-complete under
PTAS-reductions.

Proof. Poly-APX-membership is witnessed by the following
trivial algorithm. On input F' = (A, R) and a € A, the algo-

rithm either returns —oo in case (a, a) € A (for that case the
algorithm satisfies AR = 1) or {a} otherwise. In the latter
case we have APP > 1 and therefore AR > 1/|A| since |A]
is the maximal value of the optimal solution to MAXSTABLE.
This is clearly a bound of the form 1/f(]|A|) with a polyno-
mial f(n) = n.

For Poly-APX-hardness, we provide a PTAS-reduction
from MAXINDEPSET, which has been shown to be Poly-
APX-hard under PTAS-reductions in [Bazgan et al., 2005].
Let € € (0,1) be an error parameter (which will be used to
show the approximation quality below) and let & = [1/€].



Oninput G = (V, E) define F . = (Ag,e, Rg,e) via
Age =V U{,....00 1 |veVIU{a)
Rg.e = {(v,v"), (@, v) | {v,v'} € E}U
{0.), s (0B [0 € V)
{7, 0)) |lveVii=1,...,klV]|}

177

An example of the above construction can be seen in Figure 3.

First observe, that S C Ag ¢ is a conflict-free set of Fg  if
and only if S\ {} is an independent set of G: no argument
of the form b7 can be part of a conflict-free set of Fiz . and
two vertices are adjacent in G iff there is an attack between
them in Fg .. Also note that o can be part of any conflict-
free set of Fg , since it has no incoming or outgoing attacks.
Moreover, if S7, So are two independent sets with |.S1| > |Ss]
then S; U {a}, S U {a} € Ag, are two conflict-free sets in

Fg.ewith [(S1)5, | > [(S2)5, |:

e Let |[V| = n. Let S, S2 be two independent sets with
|S1| > |S2|. Note that each v € S; contributes at least
unique kn + 1 arguments to the value of |(Sl)%c| (the
argument v itself and all arguments b7, ...,b7 ). So we
have

(S1)Fe..| = 1S1](kn + 1)

An upper bound for \(Sg)j‘?(} _| can be obtained by as-
suming that V' C (Sg)?c _» i.e., the range of Sy con-
tains (in addition to the kn + 1 unique arguments added
by each argument in S) all arguments in V' (which is an

overestimation, since some arguments in V' have already
been accounted for in S5). So we have

|(S2) 5, .| < [Sel(kn +1) +n
Due to |S1| > |S2| we have
|(S1)Fe..| = 1S1](kn + 1)

> (|S2|+ 1) (kn+1)

= |Sa|(kn + 1) + (kn+ 1)

> |SQ|(]{ZTL + 1) +n

> |(S2), .|

and therefore the claim.

Moreover, if S; U{a}, SoU{a} € Ag . are two conflict-free
sets in Fg . with |(Sl)i§G > ‘(SQ)%G‘E then |S1| > | S|
follows analogously. This means, in particular, S U {a} is a
solution to MAXSTABLE in F . (with query argument «) if
and only if .S is a solution to MAXINDEPSET in G. It should
also be clear that I . can be computed in polynomial time
(note, in particular, that € is a constant).

What remains to be shown is that the reduction above ful-
fils the requirements of a PTAS-reduction for preserving the
approximation quality. Let S C Ag . be an optimal solution
and S’ C Ag . be an approximate solution for MAXSTABLE
in Fg .. Remember that k = [1/€]. Then we have

1S9 | = (S| = 1)(kn+1)+m+1
(88,1 = (1] = D)kn -+ 1)+ 41

for some numbers m, m’ € {1,...,n — 1}: m and m' are
the numbers of arguments within V' that are attacked by but
not included in S and S’, respectively; each argument in S/5’
(except ) contributes kn + 1 individual arguments to the
range; and o contributes 1 to the range. So the approximation
ratio AR; for MAXSTABLE ist given by

(1] = V)(kn+1) +m' + 1

AR, =
TS =D (kn+ 1) +m+ 1

Since o € S and « € S’, the approximation ratio ARy for
the corresponding MAXINDEPSET problem amounts to

|51

AR, —
=151

For a PTAS-reduction we have to show that there is a function
¢:(0,1) — (0, 1) such that for all € € (0, 1) it holds that
AR1 >1-— 0(6) — AR2 >1—c¢ (1)
Without loss of generality and to ease calculations, we as-
sume that & = 1/e is a natural number (otherwise we take the
next smaller e for which this is true). Moreover, we assume
|S’| > 2, since |S'| = 1 implies S = {«} and either S = S5’
(in that case ARy = 1 and (1) is satisfied) or |S| > 1 and
any non-self-attacking argument of F . could be added to
S’. Given |S’| > 2 then having |S| = 2 also yields ARy =1
and (1) is satisfied. So we assume |S| > 3.
‘We show (1) with ¢ defined via

c(e) =¢€/2

forall e € (0, 1). Then it holds

(IS|—1(n/e+1)+m+1 —
(S -Dln/e+4n
= S Dferny S

& (5= Dn/e+ 1) +n = (1-€/2)(|S] - 1)(n/e+1)

ARlzl—C(E)
('] = D(kn+ 1)+ m’ + 1
® SISt rmat 212
o (S’I;En/e+1)+m +1>17€/2
)

& (\S/\—1)2(1—6/2)(|S|—1)_n/€+1
1S-1_ .
< IS\fl—1 €/2- (/e+1)(|5|71)

3

< ARy >1—e+¢/2—

(n/e+1)(IS| - 1)
()

In order for (1) to hold it remains to show that the term (*) is
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Figure 3: The reduction from the proof of Theorem 6; the graph G =

(V, E) on the left is translated to the AAF Fiz . on the right (to keep the

figure small we used e = 1, but note that for the construction we assume € € (0, 1)).

non-negative:

P e - 2"
& €/2> il

(n/e+1)(IS| = 1)

< €/2(n/e+1)(|S|—-1) >n
o @Sl _en dS] e
2¢ 2e 2 2~
——
>0
<= M—g>n
2e 2¢
= M—ﬁ>n
2 2~
5] 1
& 5 gt
& |S]-1>2
< 151>3

which we assumed to be true. This shows (1) and concludes
the proof. O

Theorem 7. MAXSTABLE* is Log-APX-hard under PTAS-
reductions.

Proof. We provide a PTAS-reduction from MINDOMSET.
Let € € (0,1) be an error parameter (which will be used to
show the approximation quality below) and let & = [1/€].

Oninput G = (V, E) define F¢ . = (Ag,e, Rag,e) via
Age =V U{b],.... b5y, clse - Ry [vEVIU{a}
Rg.e = {(v,v"), (@ ,v) | {v,0'} € E}U
{(0,07),..., (v, bipyp2) v E VY
{01, ¢1)s s vz chpvp) [v €V
{(c,e) |veVyi=1,... kIV[*}
An example of the above construction can be seen in Figure 4.

We will first show that sets with full range in A¢  corre-
spond to dominating sets in G:

1. If S C Ag, satisfies S;?G)‘

dominating set of G:
Let S C Ag, satisfy S;‘?G,E = Ag.. Note that argu-
ments in V' C Ag . are not attacked by any argument of
the form b} or ¢}. So for every argument v € V, either
v € Sorthereisav € S with v'Rg (v. Since v'Rg (v
for v, v € V only holds if {v',v} € E, we have that
S NV is a dominating set of G.

2. If § C V is a dominating set of G then § = S U {b? |
veV,i=1,...,n|V|?}U{a} satisfies S”?GYE =Ag.
Let S C V is a dominating set of G and S = S U {bY |
veV,i=1,...,n|V|?}U{a}. Soforevery v € V, ei-
ther v € S or there is v/ € S with v/ Rg cv. Furthermore

o € S and all arguments of the form b? are in S as well.
Since every b} attacks its ¢}, all arguments of the latter

form are also in the range of S Tt follows SE?G L= Age.

Agecthen SNV is a



Figure 4: The reduction from the proof of Theorem 7; the graph G' = (V, E) on the left is translated to the AAF Fiz . on the right (fore = 1/2

and therefore k = 2).

We now strengthen the above correspondence by showing
that sets with full range that violate less attacks in A¢ . cor-
respond to smaller dominating sets in G. Foraset S C Ag .
recall that

Sk, ={(a,b) e R|a¢ Sorb ¢ S}

is the set of satisfied attacks of S in Fg .. Let S C Ag.
satisfy S5 = Ag,c. We can assume

(W lveVyi=1,...,nV]*)}CS
{veVi=1,....,n|]V]*)}NnS =0
Since every c¢; has to in the range of S, either ¢{ € S or

by € S. Assuming bY € S and ¢! ¢ S (for all v and 7) will
not decrease the value |S§§G.€ |: having ¢! € S will always

contribute —1 to \SI@G A (due to the self-attack) and having
bY € S instead, will ar most contribute —1 to |SI@G | (due to
the attack from v to b?). Let |V | = n, then we can write

1Sk, .| = |Ra.e| — viol(S)

with
viol(S) = |S N V|kn? +m

and m € {1,...,2|E|}. Here, viol(S) is the number of
violated attacks of S in Fg . and the number of satisfied
attacks is the number of total attacks (|Rq,|) minus the
number of violated attacks. Furthermore, since we assume
Y | v e Vi =1,....n|V|*)} C S, each v € S with
v € V contributes kn? violated attacks (on the correspond-
ing b?), amounting to |S NV |kn? violated attacks concerning
arguments of S NV with arguments of the form b7 and c}.
Moreover, the term m captures the remaining violated attacks
among the arguments in S NV (and since every edge from G
is duplicated, there are 2| F| many attacks between arguments
in S NV). Since |Rg,| is fixed for a specific instance, the
problem MAXSTABLE* can be equivalently defined by look-
ing for sets S with full range that minimise viol(.S).
Now it holds

1L If 5,8 C Ag e satisty S = Ag.e. (5)F,. . = Ac.c
and viol(S) < viol(S’) then |SNV| < [S'NV]:



Let S, S’ be as above. It holds
viol(S) < viol(S")
s [SNV|En? +m < |S'NVI|kn? +m’
for some m, m’ € {1,...,2|E|}. Note that 2|E| < n?.
Then it holds
1SN V]kn? +m < |S" N V]kn? +m/
= [SNV]kn? < |S'NV|kn® + kn?
s |SnV<|SNnV|+1
& |SnV|<|S' NV
and therefore the claim.

2. If S, 5" C V are dominating sets of G with |S| < ||
then S = SU{b |veV,i=1,...,n|V|*}U{a} and
S =SU{b |veV,i=1,...,n]V|*}U{a} satisfy
viol(3) < viol(S"):

Let S,S" CV and S, S’ be as above. It holds

S| < 15|
s [SnV|<|8'nV|
& 1SN VI]kn? < |8 NV |kn?

Furthermore, due to |S| < |S’| we have that |[S' N
V|kn?—|SNV |kn? > kn? > m and therefore it follows

= [SNVI[kn®+m < |8 NV]kn?
= [SNV[kn?+m < |5 NV|kn?® +m/

& viol(S) < viol(S)
and therefore the claim.

It follows that if S is an optimal solution for MAXSTABLE*
in Fg ¢ then S NV is an optimal solution for MINDOMSET
in GG (and vice versa).

What remains to show is that the reduction above fulfils the
requirements of a PTAS-reduction for preserving the approx-
imation quality. Let S C Ag . be an optimal solution and
S’ C Ag, be an approximate solution for MAXSTABLE* in
Fg,. Then we have

() R,

|S?G‘€

AR, =

as the approximation ratio for S’ wrt. MAXSTABLE*. The
approximation ratio ARy for the corresponding MINDOM-
SET instance is then

_18nv
1SNV

For a PTAS-reduction we have to show that there is a function
¢:(0,1) — (0,1) such that for all € € (0,1) it holds that

ARl >1-— C(G) — ARQ >1—c€ 2)

AR,

Without loss of generality and to ease calculations, we as-
sume that k¥ = 1/¢ is a natural number (otherwise we take

the next smaller e for which this is true). We show (2) with ¢
defined via

(€)= ¢/2
forall e € (0, 1). Then it holds
ARy > 1 —c(e)
[CIEI
|S¥e,
- |Rg.c| — viol(S") S 1 ¢)2

|Ra,e| — viol(S)

|RG | — |S" NV |kn? —m’
& : >1—¢€/2
[Rae — [SOV[knZ—m = ¢/

Due to m’ > 0 and m < n? we obtain

IRa.c| — |S" NV |kn?

>1—¢/2
el ~ 1SN VIkn? —m2 =1~
& |Rg.| - |9 NV]kn?
> (1—¢/2)(|Rg.c| — |SNV]kn? —n?)
S"'NVin?
= |RG,6| _ %
SNVin?
> (1 /2)(Ra| - 2OV ey
S'NV|n? €|Rc ..
= |RG,e| - % > |RG,e| - %
SNV |n? |SNV|n? 5 mZe
- + -—n’+ —
€ 2 2
- |S" NV |n? > _€|Rg,|
€ 2
SNV |n?2 |SNV|n? 5 mZe
- + —n? 4 2l
€ 2 2
s —|8'nV]>
€| Ra.| elSNV| €
o2 —\SOV|+T—e+§
€| Ra.|
s << 2
- 2?5’ NV
+|SﬁV|_e\SﬂV\ e €2
[S’nV|  218'nV]  |S'nV] 218NV]|
€| Ra.| € €2
& 1- S +
2n2|1S'NV| 1S NV] o 218 NV|
|SNV|
< 1—¢/2
< jav L2
<1
€|Ra.| € €2
= — 2 — < AR
2SNV S nv] 2Ny =

& ARy >1-—c¢

€| Ra | B € €
2|1S'NV| |8 NV] o 218N V|

()

+e€—




In order for (2) to hold it suffices to show that the term (*) is
non-negative. Note that

|Ra.e| =2|E| + 3kn = 2|E| + 3n/e

Then we have

€| R | € €
_ , — + >0
2SNV 1SNV 218NV
o ot €2 2¢2|E| + 3ne €
21NV~ 2n21S'NV| 1SNV
o 14 € 2¢|E| + 3n 1
21'NV| T 2n2|S'NV]  |S'NV|
2¢|E 3
= 2|S’ﬂV|+62#+*+2
n n

We now assume n > 2 (note that problems with n = 1 are
trivial, since the set containing the single vertex is the only
dominating set). So we have 3/n < 3/2 and also due to
2|E| < n?and 3/n < 3 we have

, en’?
1
= 2|S/ﬂV\+626+3§
1
& 2|S’ﬂV\23§
y 3
< S ﬂVlZlZ

So (2) holds for |S'NV| > 2. The remaining case |S'/NV| = 1
is trivial, since then |S NV| = 1 as well and AR, = 1. This
concludes the proof. O

Proposition 4. Let k be the output of the GCF algorithm on
input F = (A,R) and a € A. Let furthermore k' be the
optimal solution to MAXSTABLE on F' and a. Then

1. there is a conflict-free set S with a € S and k = |S;‘:9
2. k>kt/|A
3. k has been determined by GCF in polynomial time.

Proof.

1. Line 6 of Algorithm 1 only adds arguments b to .S auch
that S U {b} is conflict-free. Moreover, a € S due to
line 3 and the output k of Algorithm 1 is exactly |S3|
(line 7).

2. If Algorithm 1 terminates in line 2 then k = kT = —oc0
and —oco > —oo/|A| is trivially satisfied. Otherwise,
|S| > 1 due to line 3 and therefore & = |SE| > 1 as
well. Since kT < |A|, the claim also follows in that
case.

’

, and

3. Note that the number of iterations of the while-loop in
lines 4-6 is bounded by |A| (as each argument can only
be added once to S. Determining b in line 5 can be ac-
complished by iterating through all candidates b € A,
checking b € A\ (SUS}USL), determining (SU{b})%,
and selecting a b with maximal value. All this can also
be done in polynomial time. O

Proposition 5. Let k be the output of the SCF algorithm on
input F = (A,R) and a € A. Let furthermore k' be the
optimal solution to MAXSTABLE on F and a. Then

1. there is a conflict-free set S with a € S and k = \S;‘?
2. k>kT/|A
3. k has been determined by SCF in polynomial time.

>

, and

Proof.

1. Line 4 of Algorithm 2 ensures that the set .S is conflict-
free upon termination. Moreover, a € S due to line 3
and the fact that a is never removed in line 5. Finally,
the output k of Algorithm 2 is exactly |SF| (line 7).

2. If Algorithm 2 terminates in line 2 then k = kT = —oc0
and —oco > —oo/|A| is trivially satisfied. Otherwise,
|S| > 1 as argument a is never removed from .S and {a}
is conflict-free and thus satisfies the condition line line
4, therefore k = |SE| > 1 as well. Since kT < |A|, the
claim also follows in that case.

3. Note that the number of iterations of the while-loop in
lines 4-6 is bounded by |A| (as each argument can only
be removed once to S. Determining b in line 5 can be ac-
complished by iterating through all candidates b € S and
determining (S \ {b}), and selecting a b with maximal
value. All this can also be done in polynomial time. [J

Proposition 6. Let k be the output of the GFR algorithm on
input F = (A,R) and a € A. Let furthermore k' be the
optimal solution to MAXSTABLE* on F and a. Then

1. thereis a set Switha € S, S§ = A, and k = |S%
2. k> k'/|R|, and
3. k has been determined by GFR in polynomial time.

s

Proof.

1. Line 1 ensures a € S. Line 2 ensures that upon termina-
tion S§ = A. The output k = |S%| is defined as such in
line 5.

2. Note first that kT < |R|. If kT = 0 then the statement
holds trivially, so assume kT > 1. Then it suffices to
show k = |(Soutput)1@| > 1 for the set Soupue determined
by GFR. Assume |(Sompm)l<?\ =0. As (Somput)% =Ait
follows Souput = A: if there would be b € A\ Syyipuc then
there would be ¢ € Soupu and cRb, therefore having
|(Soutput)%| > 1. So let Soutput = {GO; a1y, an} =A
with ag = a and let aq,...,a, be also the order the
arguments are added to S in line 4. Let z; be the corre-
sponding values |(S U {a;})%| of each a; from line 3
(so x; is the number of new arguments brought into
the range of S in that iteration, and zo = [{a}%|).
i=20,...,n. Then we have zg + 21 + ... + x, = |A
and also z; > 1 foreachi = 1,...,n (since a; brings at
least itself into the range, otherwise there is no need to
pick a;). Moreover, we have

T1 2T 2 ... 2Ty



as arguments are picked according to the number of ar-
guments they bring into the range. So it follows

.T()Z.%‘l:mg:...:xn:l

In particular 1 = 1, meaning that the maximal range
every argument has is 1 (so just itself). It follows that
the optimal solution must also contain all arguments and
we have k = k. So we have k > kT /| R| in general.

3. The while-loop in lines 2—4 has at most | A| iterations,
since each argument can only be added once to S. De-
termining |(SU{b})%| in line 3 can also be done in poly-
nomial time. O

Proposition 7. Let k be the output of the SFR algorithm on
input F = (A,R) and a € A. Let furthermore k' be the
optimal solution to MAXSTABLE* on I and a. Then

1. thereisaset Swithae S, SE = A and k = |SI<?
2. k> k'/|R|, and
3. k has been determined by SFR in polynomial time.

>

Proof.

1. Line 1 and the selection of b € S\{a} ensures thata € S
upon termination. Since AZ = A we have S§ = A
before line 2. Line 4 is only executed when the selected
b is not jeopardising full range of S, so S& = A upon
termination as well. The output & = S| is defined as
such in line 5.

2. Note first that kT < |R|. If kT = 0 then the statement
holds trivially, so assume kY > 1. Then it suffices to
show k = \(Sompm)% > 1 for the set Soupue determined
by SFR. Since kY > 1, there is at least one argument
b € A that is not contained in an optimal solution and
involved in at least one attack. Then b also satisfies the
condition of line 2 (in the first iteration of the while-
loop) and yields |(S \ {b})%| > 1. So whichever argu-
ment b’ is selected in the first iteration of the while-loop
also has |(S\ {0'})5] > 1. As b’ is removed from S, the
attacks related to b’ will remain satisfied and we have
| (Soutput) B > 1.

3. The while-loop in lines 2-4 has at most | A| iterations,
since each argument can only be removed once from S.
Determining b in line 3 (and implicitly checking the con-
dition in line 2) can be done by considering each candi-
date b € A and checking (S '\ {b})% = A and determin-
ing [(S'\ {b})2|, each of these operations can be done in
polynomial time. O
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